The classical ring of integer-valued polynomials Int(Z) consists of the polynomials in Q[X] that map Z into Z. We consider a generalization of integervalued polynomials where elements of Q[X] act on sets such as rings of algebraic integers or the ring of n × n matrices with entries in Z. The collection of polynomials thus produced is a subring of Int(Z), and the principal question we consider is whether it is a Prüfer domain. This question is answered affirmatively for algebraic integers and negatively for matrices, although in the latter case Prüfer domains arise as the integral closures of the polynomial rings under consideration.
Introduction
This paper is inspired by two related questions concerning rings of integervalued polynomials.
First, let D be a Dedekind domain with quotient field K and with all residue fields finite. It is well-known that the ring of integer-valued polynomials of D, Int(D) = {f (x) ∈ K[X] | f (D) ⊆ D}, is a Prüfer domain.
Any overring of a Prüfer domain must itself be a Prüfer domain and so any domain T such that Int(D) ⊆ T ⊆ K[X] is a Prüfer domain. It is also easily demonstrated that D[X]
is not a Prüfer domain and so the question of the structure of subrings of Int(D) is not so easily dispatched. Along this line, Brizolis asked in [2] whether there exist subrings of Int (Z) which are Prüfer domains and have quotient field Q(X). In [4] , Chabert proved that if m ≥ 2 is an integer and S = { a m | a ∈ Z} then the ring Int(S, Z) = {f (X) ∈ Q[X] | f (S) ⊆ Z} is isomorphic to Int (Z) and hence is a Prüfer domain. Moreover, it is a proper subring of Int (Z) which has Q(X) as quotient field, and so answers Brizolis' question. However, Int(S, Z) is an overring of Z[mX], but not of Z [X] . So, it seems reasonable to strengthen Brizolis' question as follows:
Q1 Do there exist Prüfer domains which lie properly between Z[X] and Int(Z)?
To answer this question, let A ∞ be the ring of all algebraic integers and let S be a subset of A ∞ . Then consider the ring Int Q (S, A ∞ ) = {f (X) ∈ Q[X] | f (S) ⊆ A ∞ }. If S properly contains Z then Int Q (S, A ∞ ) lies properly between Z[X] and Int (Z) . Hence, if it is also a Prüfer domain, then it constitutes a positive answer to Q1. In this paper we demonstrate that for a positive integer n the collection of all algebraic integers of degree less than or equal to n over Q constitutes a set S such that Int Q (S, A ∞ ) is a Prüfer domain.
The second question involves a similar construction. Let M n (Z) be the ring of n × n matrices over Z. If we identify the rational number α with the diagonal matrix αI we can consider the ring of polynomials Int Q (M n (Z)) = {f ∈ Q[X] | f (M n (Z)) ⊆ M n (Z)}. Rings of this nature have been discussed by various people for at least the last fifteen years, but there is very little mention of them in the literature. It is fairly easy to demonstrate that Int Q (M n (Z)) is not a Prüfer domain by showing that it has an overring which is not integrally closed. This suggests, but does not prove, that Int Q (M n (Z)) itself is not integrally closed. This thought then inspires our second question.
Q2 Is the integral closure of Int
In Section 2, we characterize the valuation overrings of Int(Z) and give conditions under which the intersection of a collection of these valuation domains is a Prüfer domain. In Section 3, we apply the results of Section 2 to a class of examples arising from rings of algebraic integers. In Section 4, we prove that Int Q (M n (Z)) is not integrally closed and that its integral closure is the Prüfer domain Int Q (S, A ∞ ), with S being the collection of all algebraic integers of degree less than or equal to n as described above. Finally, we extend this result to Z-algebras more general than M n (Z).
Intersections of valuation domains
We begin by characterizing the valuation overrings of Int (Z) . We then weaken the characterization and prove that the intersection of a collection of valuation domains satisfying our listed properties yields a Prüfer domain. In Section 3, we apply these results to rings of integer-valued polynomials defined by rings of algebraic integers.
We call any valuation overring of Z[X] unitary provided it is centered on a maximal ideal of Z. The details given in the following classification and in Proposition 2.1 are all either contained in or are easy consequences of [4,
Valuation Overrings of Int (Z) Unitary: Let p be a prime number and let Z p be the ring of p-adic integers. Let α ∈ Z p and let (Z) . Conversely, every unitary valuation overring of Int(Z) has the form V α,p for some prime p and some α ∈ Z p . (Z) . Conversely, every nonunitary valuation overring of Int(Z) has the form V f for some nonconstant, irreducible
Proposition 2.1. Let p be a prime number and let α ∈ Z p . Then 1. The residue field of V α,p is the field of p elements. 2. The maximal ideal of V α,p = Int(Z) Mα,p is a principal ideal, generated by p.
It seems not to be well-known that the following related result also holds.
Proposition 2.2. Let p be a prime number. Suppose that V is a unitary valuation overring of Z[X] with maximal ideal M such that p ∈ M and which satisfies the following two properties:
Then V is a valuation overring of Int (Z) .
+ let D i be the ring generated by D i−1 and the set
The result will then follow immediately.
First we note that the polynomials F q (X) are known as the Fermat polynomials and have been well studied. In fact, [3, Sec. 
In [7] a class of integral domains known as d-rings was defined. Examples of d-rings include the ring Z of integers and the ring A α of algebraic integers in any finite degree extension Q(α) of Q. It is known [9] that if D is a Dedekind domain with finite residue fields which is also a d-ring then every maximal ideal of Int(D) is unitary. In particular, this is true of Int (Z) . It follows that Int(Z) is equal to the intersection of its unitary valuation overrings. 
Note that under these conditions, for each i the maximal ideal M i is principal and generated by an element π i and there exists a positive integer t i such that M
. If the rank of v i is 1, then the value group is isomorphic to Z, v i (p) = 1, and
. If the rank of v i is 2, then the value group is isomorphic to the lexicographic product Z × Z, v i (p) = (0, 1), and v i (π i ) = (0,
Given such a collection of valuation overrings, we let
Note that if e p = f p = 1 for each prime p and if each collection C p includes all possible valuation domains V i satisfying this restriction, then Propositions
and 2.2 imply that D = Int(Z). Hence intersecting a larger collection of unitary valuation domains would yield a proper subring of Int(Z).
Note: For Lemma 2.4 through Corollary 2.12 we assume D to be a particular domain which was constructed using Construction 2.3.
We will soon (Corollary 2.12) demonstrate that D is Prüfer. The proof is accomplished by slightly altering several results from [8] which will show that D M is a valuation domain for any maximal ideal M of D.
We follow the standard terminology used for Int (Z) and call an ideal I of D unitary provided I Z = {0}.
is a Prüfer domain, the result follows. Now we turn to unitary maximal ideals. Proposition 2.5. Let p be a prime number. Then there exist positive integers n p and r p (with r p > 1) such that
Proof. It suffices to find n p and r p such that [(f (X)) rp − f (X)] np ∈ pV i for each V i ∈ C p and each f (X) ∈ D. Let be the least common multiple of the set {2, 3, . . . , f p }, and take r p = p ; take n p to be the least common multiple of the set {2, 3, . . . , e p }.
Note: For Corollary 2.6 through Theorem 2.11 we assume n p and r p to have fixed values for each prime p.
Corollary 2.6. Suppose that M is a unitary prime ideal of D and that p is a prime number such that 
rp−1 − 1 ∈ M ; but f (X) ∈ M , and so 1 ∈ M , a contradiction.
Before we give the next two results, we offer some motivation. Suppose that M is a unitary maximal ideal of D of height 1 and suppose that p is a prime number such that p ∈ M . Let v M be a valuation on Q(X) defined so that v M (p) = 1. We would then be especially concerned in the following results with the polynomials
Since the valuation overrings of D may be of dimension 2 we sometimes have to deal with two-dimensional value groups. We need then to generalize the notions described above of having v(p) = 1 and having v(f (X)) ∈ Z.
Definition 2.8. Let p be a prime number. We say that a polynomial f (X) ∈ Q[X] satisfies property p * provided for every V i ∈ C p we have either
The point of this condition is if we always consider p to have value 1 then the value of f (X) is either a nonnegative integer or infinite.
Lemma 2.9. Let f (X) ∈ D \ {0} and let p be a prime number. Then (f (X)) np satisfies property p * .
Proof. The result follows immediately from our choice of n p .
Lemma 2.10. Let p be a prime number. Let f (X) ∈ D \ {0} and suppose that f (X) satisfies property p
Proof. The proof is detailed but straightforward. The point is to show that for each valuation domain Proof. Choose a nonzero polynomial f (X) ∈ D and a prime p. Set f 0 (X) = f (X) np and for k ≥ 1, set
Lemma 2.9 implies that f 0 (X) satisfies p * and it is clear that f 0 (X) ∈ D. Then Lemma 2.10 implies that f k (X) satisfies p * and lies in D for each k ≥ 1. We claim that either
is a unit in D M for some nonnegative integer t. The claim is obvious if f (X) ∈ M , so we assume f (X) ∈ M . Note that for each k ≥ 1 we can write
where
+ . Now choose nonzero polynomials f (X), g(X) ∈ D which are relatively prime in Q[X]. We show that either
is not in M , the result is obvious. So we can assume that f (X), g(X) ∈ M . Suppose that 
Finally, we note that since D is an intersection of valuation domains, D (and hence also D M ) is integrally closed. Hence, either
is in D M . This implies that D M is a valuation domain.
Corollary 2.12. D is a Prüfer domain.
Proof. The result follows from Lemma 2.4 and Theorem 2.11.
Examples from rings of algebraic integers
Corollary 2.12 implies that domains constructed by means of Construction 2.3 are Prüfer domains. Moreover, if the collection of valuation domains intersected properly includes the set of all unitary valuation overrings of Int(Z), then we obtain an affirmative answer to Q1. However, we gave no indication that there exist valuation domains that satisfy the hypotheses of Constriction 2.3 other than the unitary valuation overrings of Int (Z) . As noted in the introduction, the purpose of this section is to apply the results of Section 2 to an explicit class of examples defined using algebraic integers. Definition 3.1. Let Q(α) be a finite degree algebraic extension of Q and let A α be the ring of algebraic integers of Q(α). Then define Int Q (A α ) to be the ring of all polynomials in Q[X] which map A α to itself. In other words,
Note: In what follows, we fix Q(α) to be a particular algebraic extension of Q of degree n ≥ 2 with ring of integers A α .
We note first that although Int Q (A α ) is defined as a subring of Q[X], it is actually a subring of Int (Z) .
Lemma 3.2 demonstrates that Int Q (A α ) is a subring of Int (Z) , but it remains to be shown that it is Prüfer. Our method will be to represent Int(A α ) as an intersection of unitary valuation overrings, intersect these valuation domains individually with Q(X) and then apply the results of Section 2.
We begin by considering the unitary valuation overrings of Int(A α ). At the start of Section 2, we cited [4, Prop. 2.2] as a source for our classification of valuation overrings of Int (Z) . In fact, [4, Prop. 2.2] deals with the following more general case. Proposition 3.3. Let D be a Dedekind domain with all residue fields finite and quotient field K, let P be a maximal ideal of D, let D P be the P -adic completion of D and let β ∈ D P . Then
We let M β,P denote the restriction of this maximal ideal to Int(A α ). 4. the residue field of V β,P is isomorphic to D/P . Choose a valuation overring V β,P of Int(A α ) for some maximal ideal P of A α and some β ∈ A α(P ) . Suppose also that p is a prime number such that P ∩ Z = pZ. We then give the following definition.
Definition 3.5. Assume the terminology of the preceding paragraph. Let V (Z) β,P = V β,P Q(X) and let M (Z) β,P = M β,P Q(X). As was noted in Section 2, A α is a d-ring. By the results in [8] , every maximal ideal of Int(A α ) is unitary and hence Int Q (A α ) is equal to the intersection of its unitary valuation overrings. It is clear then from the definition that Int Q (A α ) is equal to the intersection of all valuation domains of the form V (Z) β,P . We now turn to investigating the properties of these valuation domains.
Proposition 3.6. Assume the terminology of Definition 3.5 and the paragraph preceding it and let M be the maximal ideal of V (Z) β,P . Then
β,P for some positive integer t ≤ n. Proof. It is a well known fact of algebraic number theory that |A α /P | ≤ p n . Now, statement 4 of Proposition 3.3 implies that the residue field of V β,P is isomorphic to A α /P . Let r = |A α /P | and let f (X) ∈ V (Z) β,P . It is immediate then that (f (X)) r − f (X) ∈ M . Statement 1 follows. It is also well known from algebraic number theory that (P (A α ) P ) t = p(A α ) P for some positive integer t ≤ n. Let f (X) ∈ M n . It then follows easily from statement 3 of Proposition 3.3 that f (X)/p ∈ V (Z) β,P . Statement 2 follows.
The importance of Proposition 3.6 is that it demonstrates that the single integer n serves the role of both f p and e p in Construction 2.3 for every prime number p. The next result then follows immediately from Corollary 2.12.
Again, note that the key to the proof given that Int Q (A α ) is a Prüfer domain is that for each prime number p, the integer n serves the role of f p and e p in Construction 2.3. In Construction 2.3 however, valuation domains are considered individually and there is no consideration given to how they arose. This leads to some natural generalizations of the domains Int Q (A α ). Consider, for example, the following definition. The ring Int Q (A n ) can be thought of as the collection of all polynomials in Q[X] that map A n to A n . Indeed, if θ ∈ A n and f ∈ Int Q (A n ), then f (θ) ∈ A θ and so has degree at most n. Conversely, if f ∈ Q[X] maps A n to A n , then for any θ ∈ A n and any α ∈ A θ , we have f (α) ∈ A n ∩ Q(θ) = A θ .
Since the set of all algebraic integers of degree at most n does not comprise a ring for n ≥ 2, we cannot represent Int Q (A n ) in the form Int(D) ∩ Q[X] as we did with Int Q (A α ). Nevertheless, the integer n again serves the role of f p and e p in Construction 2.3 for each prime p and so the following result is immediate.
Theorem 3.9. For each positive integer n, the ring Int Q (A n ) is a Prüfer domain.
Examples from matrix rings and algebras
We now turn to the n × n matrix case. Recall that M n (Z) denotes the ring of n × n matrices with entries in Z, and Int
We first prove that Int Q (M 2 (Z)) is not a Prüfer domain. The same proof generalizes to the n × n case. We remark that this case was suggested to one of the authors by a noncommutative ring theorist who hoped that the lack of commutative multiplication in the matrix ring would figure prominently in the structure of the integer-valued polynomial ring. It is not clear that such an effect occurs, but there is certainly an effect due to the existence of nilpotent elements in the matrix ring.
A standard fact concerning Prüfer domains is that any overring of a Prüfer domain is again a Prüfer domain. To prove that Int Q (M 2 (Z)) is not a Prüfer domain it is enough to show that it has an overring which is not a Prüfer domain. This is quite easy to do. Let B = 0 1 0 0 and let R denote the ring of polynomials in Q[X] which map B into M 2 (Z). Since B 2 = 0, it is clear that X 2 p 2 ∈ R for any prime p. However, it is equally clear that X p ∈ R for all primes p. It follows that R is not integrally closed. Since R is an overring of Int Q (M 2 (Z)) this finishes the demonstration.
The above argument proves that Int Q (M n (Z)) has an overring which is not integrally closed. If we can prove that the integral closure of Int Q (M n (Z)) is a Prüfer domain this will imply that Int Q (M n (Z)) itself is not integrally closed. We turn to such a demonstration now, and in Theorem 4.6 prove that the integral closure of Int Q (M n (Z)) equals Int Q (A n ), which is a Prüfer domain. Corollary 4.7 then extends this result to other Z-algebras.
For an n × n matrix B, let c B (X) denote the characteristic polynomial of B. By an n×n companion matrix, we mean a matrix having 1's down the first subdiagonal, −a 0 , −a 1 , . . . , −a n−1 down the last column and zeros elsewhere. If B is such a companion matrix, then c B (X) equals X n + a n−1 X n−1 + . . .
Given a polynomial f (X) ∈ Q[X], we write f (X) in the form f (X) = By Lemma 4.2, to check whether a polynomial f (X) lies in Int Q (M n (Z)), it suffices to check the values of f (X) on all the companion matrices in M n (Z). In fact, it is enough to consider the values of f (X) on a certain subset of companion matrices.
Let I be the set of all companion matrices B ∈ M n (Z) such that c B (X) is irreducible, and let Int Q (I, M n (Z)) = {f (X) ∈ Q[X] | f (I) ⊆ M n (Z)}. Proof. Since I ⊆ M n (Z), we have Int Q (M n (Z)) ⊆ Int Q (I, M n (Z)). To get the other inclusion, let f (X) = g(X) k ∈ Int Q (I, M n (Z)), and let B be a companion matrix in M n (Z) . It suffices to show that f (B) ∈ M n (Z).
Let h(X) be an irreducible monic polynomial of degree n in Z[X] such that h(X) is equivalent to c B (X) mod k (the existence of such an h(X) follows from an irreducibility criterion of O. Perron, as in [10, Thm. 2.25]). Let H be the companion matrix corresponding to h(X), so that c H (X) = h(X). Then, H ∈ I, so f (H) ∈ M n (Z). By Lemma 4.1, c H (X) divides g(X) mod k. But, since c B (X) is equivalent to c H (X) mod k, we get f (B) ∈ M n (Z), as required.
The utility of the set I arises from the following: for each B ∈ I, there exists α ∈ A n such that the minimal polynomial of α equals c B (X). For such B and α, the Q-algebras Q(B) and Q(α) are isomorphic, and we will exploit this isomorphism when working with polynomials in Int Q (M n (Z)). . Then for all B ∈ I, we have k n−1 h(f (B)) ∈ M n (Z).
Proof. Let B ∈ I, and let α ∈ A n be such that Q(B) ∼ = Q(α). Since f (X) ∈ Int Q (A n ), we have f (α) ∈ A n . Thus, there exists a monic polynomial m(X) ∈ Z[X] of degree n such that m(f (α)) = 0, and hence m(f (B)) = 0 as well. Since m(X) is monic, we may divide h(X) by m(X) over Z[X] to get h(X) = m(X)q(X) + r(X), where q(X), r(X) ∈ Z[X] and either r(X) = 0 or deg(r(X)) < n. Write r(X) = a n−1 X n−1 +· · ·+a 1 X +a 0 for some integers a 0 , a 1 , . . . , a n−1 . Then h(f (B)) = r(f (B)) = a n−1 f (B) n−1 + · · · + a 1 f (B) + a 0 .
Since k i f (B) i ∈ M n (Z) for each i > 0, it follows that k n−1 h(f (B)) ∈ M n (Z).
only rational numbers in A are integers, so Int Q (A) ⊆ Int (Z) . Finally, Int (Z) is integrally closed, so T ⊆ Int(Z).
